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Abstract-In this paper, a direct and unified algorithm for constructing multiple travelling wave 
solutions of nonlinear partial differential equations (PDBs) is presented and implemented in a com- 
puter algebraic system. The key idea of this method is to take full advantage of a Riccati equation 
involving a parameter and use its solutions to replace the tanh-function in the tanh method. It is quite 
interesting that the sign of the parameter can be used to exactly judge.the number and types of such 
travelling wave solutions. In this way, we can successfully recover the previously known solitary wave 
solutions that had been found by the tanh method and other more sophisticated methods. More im- 
portantly, for some equations, with no extra effect we also find other new and more general solutions 
at the same time. By introducing appropriate transformations, our method is further extended to the 
nonlinear PDEs whose balancing numbers may be any nonzero real numbers. The efficiency of the 
method can be demonstrated on a large variety of nonlinear PDEs such as those considered in this prt- 
per, Burgers-Huxley equation, coupled Korteweg-de Vries equation, Caudrey-Dodd-Gibbon-Kawada 
equation, active-dissipative dispersive media equation, generalized Fisher equation, and nonlinear 
heat conduction equation. @ 2002 Elsevier Science Ltd. All rights reserved. 
Keywords-Nonlinear partial differential equation, Travelling wave solution, Symbolic computa- 
tion, Riccati equation. 
1. INTRODUCTION 
In recent years, directly searching for exact solutions of nonlinear PDEs has become more and 
more attractive, partly due to the availability of computer symbolic systems like Maple or Math- 
ematica which allow us to perform some complicated and tedious algebraic calculation on a 
computer, as well as help us to find new exact solutions of PDEs [l-6]. The Grijbner bases 
method [7-91 and Wu’s elimination method [8,10,11] also provide us systematic and effective 
tools to solve complicated nonlinear algebraic systems. One of the most effectively straightfor- 
ward methods to construct an exact solution of PDEs is the tanh method [2-4,12,13] which simply 
I am grateful to Professor G. Chaohao, Professor H. Hesheng, and Professor Z. Zixiang for their enthusiastic 
guidance and help. I also would like to express my sincere thanks to the referee for his very helpful advice 
and suggestion. This work has been supported by the Postdoctoral Science Foundation of China, the Shanghai 
Postdoctoral Science Foundation of China, Chinese Basic Research Plan “Mathematics Mechanization and a 
Platform for Automated Reasoning”, and the Doctoral Science Foundation of Hebei Province of China. 
0898-1221/02/s - see front matter @ 2002 Elsevier Science Ltd. All rights reserved. Typeset by &+W 
PII: SO898-1221(01)00312-1 
672 E.-G. FAN 
proceeds as follows. Consider a given PDE, say in two variables 
Suppose that its solution is expressible as a finite series of tanh functions 
21(x, t) = V(z) = 2 UiWi, 
i=o 
(14 
where w(z,t) = tanh(kz), z = x + d, m is a positive integer that can be determined by 
balancing the highest-order derivate terms with the highest nonlinear terms in equation (l.l), 
and k, c, a~, . . . , a, are parameters to be determined. Substituting (1.2) into (1.1) will yield a set 
of algebraic equations for k, c, a~, . . . , a, because all coefficients of wi have to vanish. From these 
relations, k, c, a~, . . . , a, can be obtained. The w in (1.2) also can be taken as w = l/[l+exp(kz)] 
(see [14,15]), Riccati equation w’ = k(l-w2) [16], or other forms [17]. However by these methods, 
only tanh-type solitary wave solutions are obtained for equation (1.1). If tanh(kz) is replaced by 
another function (for example tan(kz)), maybe a tan-type traveling wave solution is obtained. 
But it involves similarly repetitious calculation many times [14,16], and this effort will be in vain 
if equation (1.1) does not have the tan-type solution at all. So it is natural to ask whether there is 
a method to directly and uniformly construct multiple traveling wave solutions of equation (1.1). 
Besides, the balancing number m in (1.2) is required to be a positive integer since it represents 
the number of terms of a series. But we find that m may not be a positive integer for some 
nonlinear PDEs. In this case, can these equations still be dealt with by a tanh method? The 
purpose of this paper is to give these questions an affirmative answer. 
2. METHOD AND APPLICATION 
The key idea of our method is to take full advantages of a Riccati equation and use its solution 
to replace tanh(kz) in (1.2). The desired Riccati equation reads 
w’= b+w2, (2.1) 
where ’ := & and b is a parameter to be determined. We know that the Riccati equation (2.1) 
admits several types of solutions 
for b -c 0, (2.2) 
1 
w=---, 
z 
w = &tan JX.2 -&cot Ji;z , 
( > ( > 
for b = 0, (2.3) 
for b > 0. (2.4 
It is seen that the tanh function in (1.2) is only a special function in (2.2)-(2.4), so we conjecture 
that equation (1.1) may admit other types of traveling wave solutions in (2.2)-(2.4) in addition to 
the tanh-type one. Moreover, we hope to construct them in a unified way. For this purpose, we 
shall use the Riccati equation (2.1) once again to generate an associated algebraic system, but not 
use one of the functions in (2.2)-(2.4). Another advantage of the Riccati equation (2.1) is that the 
sign of b can be used to exactly judge the type of the traveling wave solution for equation (1.1). 
For example, if b < 0, we are sure that equation (1.1) admits tanh-type and coth-type traveling 
wave solutions. Especially equation (1.1) will possess five types of traveling wave solutions if b is 
an arbitrary constant. In this way, we can successfully recover the previously known solitary wave 
solutions that had been found by the tanh method and other more sophisticated methods. More 
importantly, for some equations, with no extra effect we also find other new and more general 
types of solutions at the same time (see Examples l-4). 
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The algorithm presented here is also a mechanization method, in which generating an algebraic 
system from equation (1.1) and solving it are two key procedures and laborious to do by hand. 
But they can be implemented on a computer with help of Mathematics. The outputs of solving 
the algebraic system from a computer comprise a list of the form {b, c, a~,. . . }. In general if b or 
any of the parameters are left unspecified, then it is to be regarded as arbitrary for the solution 
of equation (1.1). We are especially concerned with the sign of b, which shows the number and 
types of traveling wave solutions for a nonlinear PDE. 
Further, we deal with the case in which the balancing number m is not a positive integer. In 
this case, we can introduce the transformation u = v ‘lrn and change equation (1.1) into another 
equation for v, whose balancing number will be a positive integer. Then it can be dealt with 
by the above method (see Examples 5 and 6). In the following, we illustrate this method by 
considering some important equations. For simplification, coth-type and cot-type traveling wave 
solutions are omitted in this paper, since they always appear in pairs with tanh-type and tan-type 
solutions. 
EXAMPLE 1. Consider the Burgers-Huxley equation (181 
Ut + pm, - u,, + qu(u - l)(u - s) = 0, (2.5) 
where p, q, and s are real constants, and p2 + q2 # 0. 
To look for a traveling wave solution of equation (2.5), we make the transformation ~(2, t) = 
V(z), z = z + ct, and change equation (2.5) into the form 
cu’ +puiY - U” + qU(U - l)(U - s) = 0. (2.6) 
Now substituting (1.2) into (2.6) and replacing U’, U” by using (2.1) once again, we will get a finite 
series of W(Z). Next balancing the highest powers in w(z), which come from U”, U3, and UU’, 
respectively, leads to m = 1. (For the simplification of statement, in the other examples below, 
we will regard this process with the balance of the highest-order derivate terms with the highest 
nonlinear terms in the U.) Therefore, we may choose 
U = ao + alw. (2.7) 
Substituting (2.7) into equation (2.6) yields a set of algebraic equations for ao, al, b, and c 
qai +paT - 2al = 0, 
ale + qaf(ao - s) + qaf(2ao - 1) + pa0al = 0, 
-2alb + qal(2ao - l)(ac - s) + qaoal(ao - 1) +pa;b = 0, 
albc + paoalb + qao(ao - l)(ao - s) = 0, 
for which, with aid of Mathematics, we find the following. 
As q # 0, 
1 
a0 = -, 
-pfr 
2 al=-, 
2q 
c = C-P f f”)(2s - 1) - 2P 
4 , b=-$7 
1 
a0 = S 
-p&r 
2’ 
al = - 
2q ’ 
c = C-P f TN2 - s) - 2PS 
4 
, b=-$, (2.9) 
s+l 
ao=-, 
-pfr 
2 
al = - 
2q ’ c= 
-(P f T)(S + 1) 
4 ) 
b=_(s’1)2 
q-’ 
(2.10) 
in which r = dn. 
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As q = 0, P # 0, 
as = -2, 
2 
a1 = -. 
P P 
(2.11) 
Since b 5 0 in (2.8)-(2.10), according to (2.2) and (2.3), we obtain the traveling wave solutions 
of Burgers-Huxley equation as follows: 
pfr 
u7v8 = q(2a: - (p f r)t] ’ s = 0, 
U9,lO = 1 + 
P&T 
q[2s + (P f r)tl’ 
s = 1. 
For the special case p = 0, q = 1, these solutions exactly satisfy the Fitzhugh-Nagumo equa- 
tion [19] 
Ut - u,, + U(U - l)(U - s) = 0. 
While b in (2.11) is an arbitrary constant, in this case, we actually find that Burgers equation 
ut+puL,-uz,=O 
admits three types of traveling wave solutions 
ur = -f - f Gtanh [G(z + et)] , b < 0, 
u2=_:- 2 
P p(z+d)’ 
‘1L3 = -i + % &tan [&(z + .t)] , 
b = 0, 
b > 0. 
EXAMPLE 2. For the Caudrey-Dodd-Gibbon-Kawada equation [20] 
w + (%zss + ~OUU,, + 60~~)~ = 0, (2.12) 
we consider its traveling solution u(z, t) = V(z), z = z + ct , and then equation (2.12) reduces to 
cU’ + ( U14) + 3OUU” + 60U3) ’ = 0. (2.13) 
Substituting (1.2) into (2.13) and using (2.1), then balancing the highest powers of W(Z) in 
the UC’) with in the (UU”)’ gives m = 2, so we may choose 
U = a0 + alw + a2w2. (2.14) 
Substituting (2.14) into (2.13) and using Muthematicu engenders the following set of algebraic 
equations for aa, al, a2, b, and c: 
72Oas + 1080a; + 360 + 60~; = 0, 
120ar + 1200a1a2 + 900ara; = 0, 
240af + 1680bas + 720asas + 720afaz + 2040bai + 720asai + 360bai = 0, 
240bal -I- 180asar + 180af + 2100bara2 + 1080asaras + 900balai = 0, 
360baf + 360aea: + 1232b2a2 + 2ca2 + 1200bacas + 360aia2 
+ 720bafa2 + 1080b2ag + 720ba& = 0, 
136b2ar + car + 240baoal + 180a&l + 180baT + 960b2ala2 + 1080basalas = 0, 
120b2aT + 360baoaT + 272b3a2 + 2bca2 + 480b2aoa2 + 360baiaz + 120b3az = 0, 
16b3ar + bcal + 60b2aoal + 180bagal + 60b3ala2 = 0. 
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Solving them by means of Mathematics gives 
al = 0, 
ai = 0, 
a2 = -1, 
a2 = -1, 
c = -4 (19b2 + 60bac + 45ai) , 
c = -45a2, b = 0, 
(2.15) 
(2.16) 
16b 
al = 0, 
124b2 
a0 = -15, a2 = -1, c=--, 
5 
(2.17) 
5b 
a0 = --, 
6 
ai = 0, a2 = -1, c = -b2, (2.18) 
2b 
a0 = --, 
3 
.a1 = 0, a2 = -1, c = 4b2, (2.19) 
4b 
al-J = --) 
3 
ai = 0, a2 = -2, c = -16b2. (2.20) 
It is easy to see that (2.16)-(2.19) are special cases of (2.15). So from (2.15) and (2.20), it follows 
that 
u1 = ao - (x _ 4:aot)2 ’ b = 0, 
u2 =ao+btanh2 { fl [z - 4 (19b2 + 60bao + 45ai) t] } , b < 0, 
us = -f + 2btanh2 [&b (z - 16b2t)] , b < 0, 
u4=ao-btan2 { d8 [x - 4 (19b2 + 60bae + 45ai) t] } , b > 0, 
4b 
ug = -3 - 2btan2 [& (z - 16b2t)] , b > 0. 
EXAMPLE 3. Consider the active-dissipative dispersive media equation 
‘Ilt + uux + ‘11,x + Pwmx + %xXx = 0, (2.21) 
which describes long waves on a viscous fluid flowing down along an inclined plane, unstable drift 
wave in plasma, and stress wave in fragmented porous media [21]. As p = 0, equation (2.21) 
is referred to the Kuramoto-Sivashinsky equation. Now making transformation u(z,t) = V(Z), 
.z = z + ct, then equation (2.21) becomes 
CU’ + UU’ + U” + pU”’ + w = 0. (2.22) 
Balancing U”’ with UU’ suggests the following ansatz: 
U = a0 + al20 + a2w2 + a3w3. 
Substituting (2.23) into (2.22) yields 
(2.23) 
bai -t- 2b2pei + basal + 2b2a2 + 16b3a2 + 6b3pa3 = 0, 
2bai + 16b2ai + be: + 2bcaz + 16b2pa2 + 2baoa2 + 6b2a3 + 120b3a3 = 0, 
Cal + 8bpal + aoal + 8baz + 136b2az + 3bala2 + 3bq, + 60bzpa3 + 3baoa3 = 0, 
2al + 40bal + a? + 2a2 + 4Obpa2 -I 2acaz + Pbag + 18bas + 576b2a3 + 4bala3 = 0, 
‘pai •I- 6~2 -I- 24Obaz + 3aiaz + 3~as + 114bpas + 3aca3 + 5ba2a3 = 0, 
24ei + 24pa2 + 2aE + 12as + 816bas + 4aras + 3ba$ = 0, 
120a2 + 60~3 + 5a2a3 = 0, 
360a3 + 3az = 0, 
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which will have ten kinds of solutions by means of Mathematics, but we note that equation (2.21) 
is invariant under transformation 
u-+-u, x + -2, P--'-P, 
and we only consider the case p 2 0 which includes the following six kinds of solutions: 
6Ofl 150 240 
a0 = -c- = 5329 , al -73, a2 = z, a3 = -120, 
45&? 90 180 
a0 = -c- 220g , al = -5, a2 = z, a3 = -120, 
a0 = -c+9, al = 30, a2 = -60, a3 = -120, c = 6, b = -a, P = 4, (2.26) 
270 
a0 = -c, al = -19, a2 = 0, a3 = -120, b=-;, p= 0, (2.27) 
a0 = -c - 11, al = -30, a2 = -60, as = -120, b= ;, P= 4, (2.28) 
90 
a0 = -c, al =-G~ a2 = 0, as = -120, b=;, P = 0, (2.29) 
where c is an arbitrary constant. Since b < 0 in (2.24)-(2.27), and b > 0 in (2.28),(2.29), so 
according to (2.2) and (2.4), we obtain six types of traveling solutions 
u1 = -c + 15k3 [4 + Stanh(z) - 4tanh2(z) + tanh3(z)] , k=& a = ; k(x + c-t), 
u2 = -c + 15k3 [3 + 3 tanh(z) - 3 tanh’(z) + tanh3(z)] , k=&, z = ; k(x + ct), 
u3 = -c + 15k3 A tanh(t) + tanh3(z) , 1 t = ; k(x + ct), 
u4 = 9 - c - 15 [tanh(z) + tanh’(z) - tanh3(z)] , *= ++a), 
215 = 11 - c - 15 [tan(z) + tanh’(z) + tanh3(z)] , z+T+ct), 
u6 = -c - 15k3 [3tan(z) + tan3(z)] , kc ’ 
/- 19 
z = ; k(x + ct). 
These solutions were obtained by means of singular manifold method [21], Here we recover them 
by using a more simple method. 
EXAMPLE 4. Consider a system of coupled Korteweg-deVries equations [6] 
ut + 6uuz - 62121, + uzzz = 0, (2.30) 
vt + 3uv, + v,,, = 0, (2.31) 
which describe an interaction of two long waves with different dispersion relations [22]. 
Let u(x, t) = U(z), v(x, t) = V(z), z = x + d; then equations (2.30) and (2.31) became 
cU’ + 6UU’ - 6VV’ + U”’ = 0, (2.32) 
cv’ + 3UV’ + V”’ = 0. (2.33) 
Balancing U”’ with VV’, and V”’ with UV’ leads to the following ansatz: 
U = a0 + alw -I- a2w2, V = b. + blw + b2w2. (2.34) 
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Substituting (2.34) into (2.32) and (2.33) gives 
24a2 - 12bZ, + 12az = 0, 
6al+ 18~1~2 - l8blb2 = 0, 
40asb + 12aoa2 + 6,: + 12azb - 1260b2 - 6bT - 12bib + 2a2c = 0, 
8ulb + 6uoal + 18alazb - 6bobl - 18blb2b + ale = 0, 
16a2b2 + 12aoazb + 6a:b - 12bob2b - 6bTb + 2azbc = 0, 
2alb2 + 6aoalb - 6boblb + albc = 0, 
2462 + 6a2bz = 0, 
6bl + 6alb2 + 3a2bl = 0, 
40bzb + 2b2c + 6aob2 + 3ulbl+ 6uzbzb = 0, 
8blb + blc + 3uobl+ 6alb2b + 3azblb = 0, 
16b2b2 + 2b2bc + 6aobzb + 3ulblb = 0, 
2b1b2 + blbc+ 3aoblb = 0. 
With help of Mathematicu, we find 
a0 = -i(c+8b), al = 0, a2 = -4, 
bo = i& (c+8b), bl = 0, b2 = f2d5, 
where c and b are arbitrary constants. According to (2.2)-(2.4),(2.34), and (2.35), we obtain 
three types of traveling wave solutions for equations (2.30) and (2.31) 
~1 = -i (c + 8b) + 4btanh2 [&&(z + ti)] , b < 0, 
~1 = k& (C + 86) F 2&btanh2 [a(~ + ct)] , b < 0; 
u2 = fc- (,+“,,, 
2x4 
~2=*$c*(Z+cq2’ 
b = 0, 
b = 0; 
u3 = -i(c+ 8b) - 4btan2 [&(z + ct)] , 
03 = *& (c + 8b) f 2db tan2 [&(z - d)] , 
b > 0, 
b > 0, 
in which the first pair (~1, ~1) are bell-type solitary wave solutions given by Wang [6]. 
We should note that balancing U”’ with UU’ and V”’ with UV’ suggests the alternative ansatz 
u = a0 + a120 + u2w2, V = b. + blw. (2.36) 
In this case, we can find a new type of important solitary wave solutions, that is, a bell-type wave 
for u and a kink-type wave for 2). Substituting (2.36) into (2.32) and (2.33), we obtain a set of 
algebraic equations 
24~x2 + 12~2 = 0, 6al+ 18ula2 = 0, 
40azb + 2~x2~ + 12aoaz + 6af - 6bl + 12azb = 0, 
8ulb + ale + 6aoul + 18alazb - 6bo = 0, 
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16a2b 2 + 2a2bc + 12aoa2b + 6a~b - 6bib = 0, 
2alb 2 + albc + 6aoalb - 6bob = O, 
6bl+3a2b1 = O, 3alb1=0, 
8blb+blC + 3aobl+3a2blb=O, 
2blb2+blbc + 3aoblb = O, 
which have solutions 
1 
a0 = -2b  - ~ bl, 31 ---- 0 ,  
here bl and b being arbitrary constants. 
other types of traveling solutions for equations (2.30) and (2.31) 
l b  2btanh2(x f2b[x+(4b+3bl )  t ] )  b<O,  u4 = -2b-  ~ 1 "4- ~ , 
va = -blv/-L-btanh {x/~--b [x + (4b + 3 bl)  t] } , b<O,  
1 2 
us = -2b l  - (x + (3/2) bit) 2' b = O, 
bl b = 0, 
V 5 ~- - -  
x + (3/2) be'  
l b  -2btan  2{v~[x  (4b+3b l )  t]~ b>O, u6=-2b-~ 1 + 1 ,  
,o_- bl, t n 
3 
a2 = -2 ,  b0 = 0, c = 4b + ~ bl, (2.37) 
So from (2.2)-(2.4),(2.36), and (2.37), we find three 
In the following, we consider two equations whose balancing numbers are not positive integers, 
and show how they are dealt with by the method used above. 
EXAMPLE 5. Consider the generalized Fisher equation [23] 
ut - uzz = pu (1 - u r) (q + ur) ,  (2.38) 
where p, q, and r are parameters. 
Let u(x, t) = U(z), z = x + ct; then equation (2.38) reduces to 
cU' - U" = pU (1 - U r) (q + Ur).  (2.39) 
Obviously, balancing U" with U 2r+1 gives m -- 1/r which is not a integer as r # 1. But we need 
the balancing number to be a positive integer so as to apply formulas (1.2) and (2.1). We make 
a transformation U = V 1/r and change equation (2.39) into the form 
rcVV'  + p(q - 1)r2V 3 - pqr2V 2 + pr2V 4 + (r - 1)V '2 - rVV"  = O. (2.40) 
Now balancing V 3 with VV"  in equation (2.40), we find m = 1. So we may choose 
V = ao + alw. (2.41) 
Substituting (2.41) into (2.40) leads to 
-pqr2a 2 - pr2a 3 + pqr2a 3 -4- pr2a~ + bcraoal - b2a 2 -4- b2ra 2 = O, 
-2braoai - 2pqr2 aoal - 3pr2ao2al + 3pqr2 a~al + 4pr2a3al + bcra2 = O, 
craoal - 2ba~ - pqr2a 2 - 3pr2aoa 2+ 3pqr2aoa 2 + 6pr2a2a 2 = 0 = O, 
-2raoal +cra 2 - pr2a31 + pqr2a 3 + 4pr2ao a3 = O, 
-aT  - + = O. 
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Solving them with help of Mathematics, we find 
1 p2 as = -, 
2 
b=- -. 
4(r + 1) 
(2.42) 
a0 = -’ 
2’ 
b=-$$). (2.43) 
We require al and c to be real numbers, which implies p(r + 1) > 0 and b < 0. So from (2.2), 
(2.41)-(2.43), we find that the generalized Fisher equation admits the traveling wave solutions 
TJ~,~= f*f tanh[~/$(x*(l+q+qr)~t)]}l’r, 
{ 
u3,4 = -;+anh -2- [” /$(z?(I+q+r)Gt)]>‘i’. 
The solutions ui,z were obtained by Wang [23], while the solutions us,4 are new to our knowledge, 
and they are the same with 2~1,s as q = -1. 
EXAMPLE 6. Consider the nonlinear heat conduction equation [24] 
Ut - (u2)zz = ?ru - P2, (2.44) 
where p, q # 0 are constants. 
Let u(z, t) = U(z), z = x + ct; then equation (2.44) reduces to 
CU’ - (V)” - pu + qu2 = 0. (2.45) 
Balancing between U’ and (U2)” yields m = -1 which is not a positive integer. Let U = V-l; 
then equation (2.45) becomes 
-pV3 - 6V’2 + V2(q - cV) + 2VV” = 0. (2.46) 
Now, balancing terms V2V’ and VV” gives desired balancing number m = 1. In this case, we 
can assume that 
V = a0 + alzu. (2.47) 
Substituting (2.47) into (2.46) yields 
qa$ - pa: - bca$al - 6b2al = 0, 
4bacai + 2qaoal - 3paial - 2bcaoal = 0, 
-caial - 8baT + qa: - Spaoaf - bcaf = 0, 
laoal - 2caoaq - pa! = 0, 
-2,: - caf = 0, 
which have solutions 
4 
ao=2;;y 
w al = f-, 
P 
b=-$. 
Since q > 0 implies b < 0, according to (2.2), the traveling wave solution of equation (2.44) is 
found as follows: 
ui,s=2p{qiqtanh[$ (x*2)]}-‘. 
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In this paper, we have constructed multiple traveling wave solutions for (1 + 1)-dimensional 
equations by a direct and unified way. We should mention that it is readily applicable to (2 + l)- 
dimensional equations such as 2D generalized shallow water wave equation [5], 2D KdV-Burgers 
equation [13], and 2D dispersive long water wave equation [25]. We believe that it can be used 
in a wider context. This method is also a generalization of the tanh method and can cover all 
its results. Due to the complexity of nonlinear PDEs, we are also aware of the fact that not all 
fundamental equations can be treated with our method. For example, the nonlinear Schrijdinger 
and sin-Gordon equations are notable exceptions, although their solutions contain hyperbolic 
functions as well. We are investigating how our method is further improved to treat complicated, 
higher-dimensional, and other kinds of nonlinear PDEs. 
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